In the present work, we propose to extend to the Stokes problem a fictitious domain approach inspired by eXtended Finite Element Method [31] and studied for the Poisson problem in [22] . The method allows computations in domains whose boundaries do not match. A mixed finite element method is used for the fluid flow. The interface between the fluid and the structure is localized by a level-set function. Dirichlet boundary conditions are taken into account using Lagrange multiplier. A stabilization term is introduced to improve the approximation of the normal trace of the Cauchy stress tensor at the interface and avoid the inf-sup condition between the spaces for the velocity and the Lagrange multiplier. Convergence analysis is given and several numerical tests are performed to illustrate the capabilities of the method.
INTRODUCTION
Fluid-Structure Interactions (FSI) are of great relevance in many fields of applied scientific and engineering disciplines. A comprehensive study of such problems remains a challenge and justifies the attention made over the last decades to propose efficient and robust numerical methods. We refer to [24] where different numerical procedures to solve the FSI problems are reviewed. One classification of FSI solution procedures can be based upon the treatment of the meshes with conforming or non-conforming mesh methods. For the first ones, meshes are conformed to the interface where the physical boundary conditions are imposed [26, 40, 42] . As the geometry of the fluid domain changes through the time, re-meshing is needed, what is excessively time-consuming, in particular for complex systems. In the present paper, we are interested in non-conforming mesh methods with a fictitious domain approach where the mesh is cut by the boundary. Most of the non-conforming mesh methods are based upon the framework of the immersed methods where force-equivalent terms are added to the fluid equations in order to represent the fluid-structure interaction [34, 29] . Many related numerical methods have been developed, in particular the popular distributed Lagrange multiplier method, introduced for rigid bodies moving in an incompressible flow [19] . In this method, the fluid domain is extended to cover the rigid domain where the fluid velocity is required to be equal to the rigid body velocity. This constraint is enforced by using distributed Lagrange multipliers, which should 3
SETTING OF THE PROBLEM
In a bounded domain of R 2 , denoted by O, we consider a full solid immersed in a viscous incompressible fluid. The domain occupied by the solid is denoted by S, and we denote by Γ its boundary. The fluid surrounding the structure occupies the domain O \ S = F, where S denotes S ∪ ∂S (see figure 1 ). We denote by u and p the velocity field and the pressure of the fluid respectively. In this paper, we are interested in the following Stokes problem
where f ∈ L 2 (F), g ∈ H 1/2 (Γ). The boundary conditions on Γ is nonhomogeneous. The homogeneous Dirichlet condition we consider on ∂O has a physical sense, but can be replaced by a nonhomogeneous one, without more difficulty. With regard to the incompressibility condition, the boundary datum g must obey Γ g · ndΓ = 0.
We consider this nonhomogeneous condition as a Dirichlet one imposed on Γ. Notice that other boundary conditions are possible on Γ, such as Neumann conditions, as it is done in [22] where mixed boundary conditions are considered. Equation (1) is the linearized form, in the stationary case, of the underlying incompressible Navier-Stokes equations ∂u ∂t + (u · ∇)u − ν∆u + ∇p = f in F.
The scalar constant ν denotes the dynamic viscosity of the fluid. In our presentation, for more simplicity, we only consider the stationary case, and the solid is supposed to be fixed. The solution of (1)- (4) can be viewed as the stationary point of the Lagrangian
Note that we should assume some additional smoothness in (5) to make sense, for example u ∈ H 2 (F), p ∈ H 1 (F), λ ∈ L 2 (Γ). The exact solution normally has this smoothness provided that 4 S. COURT, M. FOURNIÉ, A. LOZINSKI f ∈ L 2 (F) and g ∈ H 3/2 (Γ). The multiplier λ, associated with the Dirichlet condition (4) , represents the normal trace on Γ of the Cauchy stress tensor. Its expression is given by λ(u, p) = σ(u, p)n = 2νD(u)n − pn, where D(u) = 1 2 ∇u + ∇u T .
The vector n denotes the outward unit normal vector to ∂F (see figure 1 ).
Remark 1
Notice that if we have the incompressibility condition (2), then, as a multiplier for the Dirichlet condition on Γ, considering σ(u, p)n is equivalent to considering ν ∂u ∂n − pn, as it is shown in [20] or [17] . It is mainly due to the equality div ∇u + ∇u T = ∆u, when div u = 0.
A finite element method based on the weak formulation derived from (5) does not guarantee, a priori, the convergence for the quantity σ(u, p)n in L 2 (Γ). As it has been done in [1, 2] , our approach consists in considering an augmented Lagrangian in adding a quadratic term to the one given in (5), as follows
The goal is to recover the optimal rate of convergence for the multiplier λ. The constant γ represents a stabilization parameter (see numerical investigations in section 5.2). It has to be chosen judiciously.
Let us give the functional spaces we use for the continuous problem (1)- (4) . For the velocity u we consider the following spaces
The pressure p is viewed as a multiplier for the incompressibility condition div u = 0, and belongs to L 2 (F). It is determined up to a constant that we fix such that p belongs to
The functional space for the multiplier is chosen as
Remark 2
If we want to impose other boundary conditions, as in [22] for instance, the functional spaces V 0 and H 1/2 (Γ) must be adapted, but there is no particular difficulty.
The weak formulation of problem (1)- (4) is given by:
where
The expression
T denotes the classical inner product for matrices. Let us note that Problem (7) is well-posed (see [20] for instance). The solution of Problem (1)- (4) can be viewed as the stationary point of the Lagrangian
THE FICTITIOUS DOMAIN METHOD WITHOUT STABILIZATION

Presentation of the method
The fictitious domain for the fluid is considered on the whole domain O. Let us introduce three discrete finite element spaces,
Since O can be a rectangular domain, this spaces can be defined on the same structured mesh, that can be chosen uniform (see figure 2) . The construction of the mesh is highly simplified (no particular mesh is required). We set
where P (T ) is a finite dimensional space of regular functions such that P (T ) ⊇ P k (T ) for some integer k ≥ 1. For more details, see [14] for instance. The mesh parameter stands for h = max Then we define
which are natural discretizations of V, L 2 (F) and H −1/2 (Γ), respectively. This approach is equivalent to XFEM as proposed in [10] or [16] where the standard FEM basis functions are multiplied by the Heaviside function (H(x) = 1 for x ∈ F and H(x) = 0 for x ∈ O \ F)and the products are substituted in the variational formulation of the problem. Thus the degrees of freedom inside the fluid domain F are used in the same way as in the standard FEM, whereas the degrees of freedom in the solid domain S at the vertices of the elements cut by the interface (the so called virtual degrees of freedom) do not define the field variable at these nodes, but they are necessary to define the fields on F and to compute the integrals over F. The remaining degrees of freedom, corresponding to the basis functions with support completely outside of the fluid, are eliminated (see figure 2) . We refer to the papers mentioned above for more details. 
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An approximation of problem (7) is defined as follows:
In matrix notation, the previous formulation corresponds to
where U , P and Λ are the degrees of freedom of u h , p h and λ h respectively. As it is done in [4] or [14] 
Convergence analysis
Let us define
The spaces
can be viewed as the respective discretizations of the spaces V 0 , V # and V # 0 . Let us assume that the following inf-sup condition is satisfied, for some constant β > 0 independent of h:
Note that this inf-sup condition concerns only the couple (u, p), and it implies the following property
We shall further assume that the spacesṼ h ,Q h andW h are chosen in such a way that the following condition is satisfied, for all h > 0
Note that this hypothesis is not as strong as an inf-sup condition for the couple velocity/multiplier. It only demands that the space V h is rich enough with respect to the space W h .
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Remark 3
We assume only the inf-sup condition for the couple velocity/pressure, not the one for the couple velocity/multiplier. Indeed, the purpose of our work is to stabilize the multiplier associated with the Dirichlet condition on Γ, not the multiplier associated with the incompressibility condition. The stabilization of the pressure -on the domain F -would be another issue (see page 424 of [36] for instance).
Lemma 1
The bilinear form a introduced in (8) as
is uniformly V h -elliptic, that is to say there exists α > 0 independent of h such that for all
Then it is sufficient to prove that the bilinear form a is coercive on the space V, that is to say there exists
By absurd, suppose that for all n ∈ N there exists (v n ) n such that
Without loss of generality, we can assume that
Then, from the Rellich's theorem, we can extract a subsequence v m which converges in L 2 (F). Using the fact that div v m = 0, the Korn inequality (see [14] for instance) enables us to write
where C denotes a positive constant † . This implies that (v m ) m is a Cauchy sequence in H 1 (F). Thus it converges to some v ∞ which satisfies D(v ∞ ) L 2 (F ) = 0. The trace theorem implies that we have also
Then, the condition v ∞ = 0 on ∂O leads us to v ∞ = 0. It belies the fact that v m V = 1.
Proposition 1
Assume that the properties H1 and H2 are satisfied. Then there exists a unique solution (u h , p h , λ h ) to Problem (15) .
Proof
Since Problem (15) is of finite dimension, existence of the solution will follow from its uniqueness. To prove uniqueness, it is sufficient to consider the case f = 0 and g = 0, and to prove that it leads We recall the following basic result from the theory of saddle point problems [14, 18] . † In the following, the symbol C will denote a generic positive constant which does not depend on the mesh size h. It can depend, however, on the geometry of F and Γ, on the physical parameters, on the mesh regularity and on other quantities clear from the context. It can take different values at different places.
Lemma 2
Let X and M be Hilbert spaces and A(·, ·) : X × X → R and B(·, ·) : X × M → R be bounded bilinear forms such that A is coercive
and B has the following inf-sup property
with some α, β > 0. Then, for all φ ∈ X and ψ ∈ M , the problem:
has a unique solution which satisfies
with a constant C > 0 that depends only on α, β and on the norms of A and B.
We can now prove the abstract error estimate for velocity and pressure.
Proposition 2
Assume Hypothesis H1. Let (u, p, λ) and (u h , p h , λ h ) be solutions to Problems (7) and (15) respectively. There exists a constant C > 0 independent of h such that
Comparing the first lines in systems (7) and (15), we can write
We have used here the fact that c(λ
Similarly, the second lines in systems (7) and (15) imply
Now consider the problem:
Using Lemma 2 with
exists and is unique. Moreover, it satisfies
Comparing the system of equations for (x h , t h ) with (18)- (19) and
In combination with the triangle inequality, this gives
Since v h ∈ V h g , q h ∈ Q h and µ h ∈ W h are arbitrary, this is equivalent to the desired result.
In summary, the results of this section tell us that, under Hypotheses H1 and H2, Problem (15) has a unique solution which satisfies the a priori estimate (17) . However, we have no estimate for the multiplier λ h .
The theoretical order of convergence
The estimation of the convergence rate proposed for the Poisson problem in [22] can be straightforwardly transposed to the Stokes problem. Proposition 3 of [22] ensures an order of convergence at least equal to √ h. It can be adapted to our case as follows.
Proposition 3
Assume Hypotheses H1, H2. Let (u, p, λ) be the solution of Problem (7) for
Proof
As is shown in [22] , Section 3, for any
In fact, v h is constructed as a standard interpolating vector of (1 − η h )u where η h is a cut-off function equal to 1 in a vicinity of the boundary Γ, more precisely in a band of width Let us quote other references that treat of this kind of phenomena, as [18, 37, 38, 28] . We note, however, that the estimate of the order of convergence in √ h seems too pessimistic in view of the numerical tests presented in [22] for the Poisson problem (with the possible exception of the lowest order finite elements). In our numerical experiments for the Stokes problem, we do not observe the order of convergence as slow as √ h.
THE FICTITIOUS DOMAIN METHOD WITH STABILIZATION
Presentation of the method
The main purpose of the stabilization method we introduce consists in recovering the convergence on the multiplier λ. For that, the idea is to insert in our formulation a term which takes into account 11 this requirement. Following the idea used in [1, 2] , we extend the classical Lagrangian L 0 given in (13) , as
Note that this extended Lagrangian coincides with the previous one on an exact solution. The quadratic term so added enables us to take into account an additional cost. Minimizing L leads to forcing λ to reach the desired value corresponding to σ(u, p)n. The constant γ > 0 represents the importance we give to this demand. However, notice that this additional term affects the positivity of L. This is the reason why we cannot choose γ too large, and so this approach is not a penalization method. We discuss on this choice of γ in section 5.2. The computations of the first variations leads us to
Thus the stabilized formulation is:
where U , P and Λ are already introduced in section 3.1. As it is done in [4] or [14] for instance, these matrices are discretizations of the following bilinear forms
and the vectors F and G are the discretization of the following linear forms
Denoting {ϕ i }, {χ i } and {ψ i } the selected basis functions of spacesṼ h ,Q h andW h respectively, we have
A theoretical analysis of the stabilized method
Let us take γ = γ 0 h with some constant γ 0 > 0. We first observe that the discrete problem can be rewritten in the following compact form:
and
In the following, we will need some assumptions for our theoretical analysis:
A3 One has the following inf-sup condition for the velocity-pressure pair of finite element spaces
with β > 0 independent of h.
Assumptions A1 and A2 will be discussed in section 5.2 by performing some numerical tests. Note that assumption A1 is the same as those introduced in [22] (cf. equations (5.1) and (5.5) respectively) in the study of the fictitious domain approach for the Laplace equation stabilized a la Barbosa-Hughes. Our assumption A2 is also similar in nature to those two, and all these three assumptions can be in fact established if one assumes that the intersections of F with the triangles of the mesh are not "too small" (see Appendix B of [22] and section 6). Although all these assumptions can be violated in practice if a mesh triangle is cut by the boundary Γ so that only its tiny portion happens to be inside of F. The numerical experiments for the Laplace equation in [22] show that such accidents occur rather rarely and their impact on the overall behavior of the method is practically negligible. This conclusion can be safely transposed to the case of Stokes problem. However, we have now the additional difficulty in the form of the inf-sup condition A3. Of course this condition is verified if one chooses the classical stable pair of finite element spaces, like for instance the Taylor-Hood elements P2/P1 pair for velocity/pressure, and if the boundary Γ does not cut the edges of the triangles of the mesh. However, in the general case of an arbitrary geometry, we have by now no evidence of the fulfillment of the inf-sup condition A3.
We also need the following result for the L 2 -orthogonal projector from
Proof
This result is well-known, but we provide for completeness a sketch of the proof in the case when discontinuous finite elements are chosen for the spaceW h , so that W h contains piecewise constant functions on the mesh T 
where x T is the middle point of τ T . We have then I h v ∈ W h and
by the standard interpolation estimates. Moreover,
Interpolating between the last two estimates (see the last chapter of [7] ) we get the desired result.
We prove in this subsection the following inf-sup result, which is an adaptation of Lemma 3 from [22] .
Lemma 4
Under assumptions A1-A3, there exists for γ 0 small enough a mesh-independent constant c > 0 such that
where the triple norm is defined by
, and c is a mesh-independent constant.
Proof
We observe that
where we have used assumption A1 and the fact that γ 0 can be taken sufficiently small. More precisely, we can choose γ 0 such that 4ν 2 γ 0 C ≤ ν, where C is the constant of assumption A1. The inf-sup condition A3 implies that for all
Now let us observe that
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We have used here the Young inequality which is valid for any α > 0. In particular, we can choose α large enough so that we can conclude with the aid of assumptions A1 and A2 (the constant C here will be independent of α and h, but dependent on γ 0 and on the constants in the inequalities A1 and A2). We get
Let us now takeμ
Observe that, in using assumption A1, we have
Combining the above inequalities and taking some small enough numbers κ > 0 and η > 0, we can obtain
In the last line, we have used again assumptions A1 and A2 (with the corresponding constant C). We now rework the last two terms in order to split p h and λ h . Denoting t = κ 2Cγ 0 , we have
So we finally have
We can now eliminate the projector P h in this estimate by the following calculation, which is valid for some β > 0 small enough
We have used the result of Lemma 3 and the trace inequality. In summary, we have obtained that taking
On the other hand,
with some M > 0 independent of h. Indeed, we have
Now, by assumption A1 and the fact that
v h p ∈ V h 0 so that P h v h p = 0, we have v h p 2 V + h D(v h p )n 2 L 2 (Γ) + 1 h v h p 2 L 2 (Γ) ≤ C v h p 2 V + 1 h v h p − P h v h p 2 L 2 (Γ) .
Furthermore, by Lemma 3 and by the definition of v
We have also
hence the inequality (24) . Dividing (23) by (24) yields
which is the desired result.
The lemma above, combined with the fact that the bilinear form M is bounded in the triple norm on V × Q × W uniformly with respect to h, leads us by a Céa type lemma (cf. [14] or Theorem 5.2 in [22] ) to the following abstract error estimate
Using the extension theorem for the Sobolev spaces, the standard estimates for the nodal (or Clément if necessary) finite element interpolation operators, and the trace inequality
for any w ∈ H 1 (T ) on any triangle T ∈ T h (which is valid provided Γ is sufficiently smooth -see Appendix A of [22] for a proof), we obtain the following error estimate
where k u , k p and k λ are the degrees of finite elements used for velocity, pressure and multiplier λ respectively. The proof of this result is rather tedious but can be easily reproduced following the ideas of [22] (see, in particular, the proofs of Theorem 5.3 and Lemma 5.4 there).
NUMERICAL EXPERIMENTS
For numerical experiments, we consider the square [0, 1] × [0, 1] and choose as Γ the circle whose level-set representation is
with R = 0.21 (see figure 2) . The exact solutions are chosen equal to
The meshes and all the computations have been obtained with the C++ finite element library GETFEM++ [39] . In the numerical tests, we compare the discrete solutions with the exact solutions for different meshes (six imbricated uniform meshes). We denote U ex , P ex and Λ ex the discrete forms of functions u ex , p ex and λ ex = σ(u ex , p ex )n respectively. For practical purposes, the error introduced by the approximation of the exact vector Λ ex by Λ is given by the square root of
This scalar product is developed and using the assembling matrices we compute
where ·, · denotes the classical Euclidean scalar product in finite dimension. Then, the relative error is given by
Numerical experiments for the method without stabilization
We present numerical computations of errors when no stabilization are imposed. We consider several choices of the finite element spacesṼ h ,Q h andW h . Four couples of spaces are studied (for u/p/λ), P1+/P1/P0 (a standard continuous P1 element for u enriched by a cubic bubble function, standard continuous P1 for the pressure p and discontinuous P0 for the multiplier λ element on a triangle), P2/P1/P0, for triangular meshes and Q1/Q0/Q0, Q2/Q1/Q0 for quadrangular meshes. The elements chosen between velocity and pressure are the ones which ensure the discrete 18 S. COURT, M. FOURNIÉ, A. LOZINSKI mesh-independent inf-sup condition H1 in the case of uncut functions (except for the Q1/Q0 pair), that is to say the classical case where regular meshes are considered. Low degrees are selected to control the memory (CPU time) which plays a crucial role in numerical simulations for fluid-structure interactions, specially in an unsteady framework. For the multiplier introduced for the interface, since the stabilization is not used, a discrete mesh-independent inf-sup condition must be satisfied. For instance, the couple of spaces Q1/Q0/Q0 does not satisfy this condition. The error curves between the discrete solution and the exact one are given in figure 4 for different norms. The rates of convergence are reported. 
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The convergence for the fluid velocity is highlighted, whereas the convergence for the multiplier seems to not occur, in all cases. We get the convergence for the pressure, but not for the test Q1/Q0/Q0 which does anyway not satisfy the inf-sup condition. The rates of convergence are better than what we can expect by the theory for u and p. The results are not so good for the multiplier. Indeed, without stabilization, the the order of magnitude for the relative errors lets us think that the multiplier is not well computed.
Numerical experiments with stabilization
In this part, we consider the method with stabilization terms. Additional terms depending on the positive constant γ are considered in the variational formulation (21) . In the following, we fix γ = hγ 0 , as it is suggested in the proof of Lemma 4 (γ is supposed to be constant, which is natural when uniform meshes are considered). The parameter γ (or γ 0 ) has to respond to a compromise between the coercivity of the system and the weight of the stabilization term. First, the choice of γ is discussed. We choose the P2/P1/P0 couple of spaces with the space step h = 0.025. To characterize a good range of values, we present the condition number (of the whole system) in figure 5 , and the relative errors on the multiplier λ for γ 0 ∈ [10 The condition number given for some very small γ 0 corresponds to the condition number of the system when no stabilization is used. For all situations, the condition number is degraded when stabilization terms are considered and can explode when γ 0 is too large. With regard to the errors on the multiplier λ, there is no improvement for the relative errors on the multiplier when γ 0 is too small. When γ 0 increases, the errors on the multiplier becomes interesting even if some peaks can appear (transition zone where the coercivity property is very poor). Similar observations (same values for γ 0 ) are observed on the relative errors for the velocity.
With regard to the previous experiments, in the following, we choose γ 0 = 0.05 (so γ = 0.05 × h) and we study the numerical convergence analysis of the method when stabilization is used. The following numerical experiments have been made in the same conditions as the one given in section 3. The results are reported in figure 7. 
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We notice that we do not observe substantial differences on the rates of convergence for the errors on the fluid velocity. As regards to the pressure, a better behavior (compared to the first method without stabilization) is observed for the couple of spaces Q1/Q0/Q0 that do not satisfy the inf-sup condition. In all cases, the improvements appear for the multiplier. The method enables to recover the convergence for the multiplier.
Tests for different geometric configurations
In a framework where the solid moves in the fluid domain, we need to perform computations for different geometric configurations, in order to underline the interest of the stabilization method when different types of intersection between the level-set and the regular mesh can be achieved. For that, we compute the L 2 (Γ) relative errors on the multiplier λ for different positions of the center of the solid, with or without the stabilization technique. The perspective is to anticipate the behavior of the method in an unsteady case, and these tests enables us to avoid the complexity of a full unsteady problem. For h = 0.05 and the finite elements triplet P2/P1/P0, we consider the solid as a circle, and we make the abscissa of the center of the circle -denoted by x C -vary between 0.5 and 0.7 (with a step equal to 0.0005). The variations of the relative error (in %) on λ are represented in blue (without stabilization) and in red (with stabilization). In these tests the relevance of our approach using the stabilization technique is highlighted when the intersection between the level-set and the mesh varies. Without stabilization the errors are huge in many cases (see the curve in blue), whereas the robustness of the stabilization technique is demonstrated with regards to the constancy of the relative errors (see the curve in red). 
Comparison with a boundary-fitted mesh
For three different values of h and by using the elements P2/P1/P0, we compute the different relative errors (in %) by using our method (with and without the stabilization technique) and by using a classical code which uses a standard mesh which fits closely the boundaries instead of being cut by the boundary of the solid. The results are given in Tables 1, 2 Table 3 . Errors for a regular cut mesh, with stabilization (γ 0 = 0.05).
The results obtained above show that our method enables us to get back the precision provided by a classical boundary-fitted mesh. With regards to the errors on the multiplier λ, notice that by using our method we need to perform the stabilization technique in order to recover a good approximation of this variable.
Discussion of assumptions A1 and A2
In regard to the assumptions A1 and A2 considered for the proof of Lemma 4, let us also study the behavior of the constant C of these assumptions with respect to the geometric configuration. In 23 order to verify numerically A2 for instance, we want to solve the optimization problem
One easily shows that the maximum is achieved on the eigenvector q h i of the problem
corresponding to the maximal eigenvalue λ i = λ max . In matrix terms this is rewritten as
where A L 2 (Γ) and A L 2 (F ) are the mass matrices associated with the scalar products in L 2 (Γ) and L 2 (F) respectively (see below). Hence the optimal constant in A2 can be calculated as
The same thing can be done for A1. Thus we consider the two following quantities
denote the matrices respectively defined by
For the particular configuration corresponding to x C = 0.500, let us analyze the behavior of max(C u (h), C p (h)) when the space step h varies. This graph lets us think that the quantities C u and C p are not constant with respect to h (specially when h becomes small), and thus the assumptions A1 and A2 are not satisfied in practice. However, concerning the value of h for which they are not satisfied, we get numerically the convergence on the multiplier. At this stage we need to consider these assumptions only for proving the theoretical convergence of the stabilization technique (see Lemma 4). 
SOME PRACTICAL REMARKS ON THE NUMERICAL IMPLEMENTATION
The numerical implementation of the method for Stokes problem is based on the code developed under GETFEM++ Library [39] for Poisson problem. The system is solved using the library SuperLU [13] . The advantages of using the GETFEM++ library (besides its simplicity of developing finite element codes) is that several specific difficulties have been already resolved. Notably, -to define basis functions of W h from traces on Γ of the basis functions ofW h . Indeed, their independence is not ensured and numerical manipulations must be done in order to eliminate possible redundant functions (and avoid to manipulate singular systems), -to localize the interface between the fluid and the structure, a level-set function which is already implemented (as it is done in [46] for instance), -to compute properly the integrals over elements at the interface (during assembling) external call to QHULL Library [50] is realized (see figure 11 ). Figure 11 . Local treatment at the interface using QHULL Library.
As mentioned in the paper [22] , it is possible to define a reinforced stability to prevent difficulties that can occur when the intersection of the solid and the mesh over the whole domain introduce "very small" elements. The technique is based on a strategy to select elements which are better to deduce the normal derivative on Γ. A similar approach is given in [35] . This method has been tested for the Dirichlet problem in [22] , but it is not observed substantial improvements with this enriched stabilization, compared to the results obtained with the stabilization method detailed in this paper. However, we expect to take benefits of this second stabilization method when the boundary Γ is led to move through the time, in particular in unsteady framework and fluid-structure interactions.
APPLICATION TO A FLUID-STRUCTURE INTERACTION PROBLEM
The motivation of our approach lies in the perspective of simulations and control of a fluid-solid model for instance. Let us give a simple illustration of that.
Coupling with a moving rigid solid
In this section, we consider a moving rigid solid which occupies a time-depending domain S(t). The displacement of a rigid solid is given by Note that this simulation cannot be carried out without the stabilization technique, because in that case the force that the fluid exerts on the solid is not well-computed. Note also that the contact between the ball and the floor would necessitate a special treatment that we do not develop here.
CONCLUSION
For Stokes problem which is the corner stone of computations in fluid dynamics, we have proposed a fictitious domain method based on extended finite element method. Dirichlet boundary conditions 27 at the interface is made using Lagrange multiplier. Additional stabilization term is used to ensure an inf-sup condition and to obtain an optimal convergence of the normal trace of the Cauchy stress tensor σ(u, p)n. The mathematical analysis is presented. We have carried out numerical simulations to compare the new method with the classical finite element approximation based on uncut mesh and with the same approach without the introduction of the stabilization term. Computations of convergence rates have been performed and have especially underlined the interest of the stabilization technique in order to compute a good approximation of the normal trace of the Cauchy stress tensor. Besides, this stabilization technique allows a robust behavior of this quantity when the position of the solid changes. In a near future, we plan to perform simulations in an unsteady framework, by solving the incompressible Navier-Stokes equations in a domain where the solid is moving and deforming itself. Our method is particularly interesting in fluid-structure problems for which the role of the boundary is central, like for instance when the shape of the boundary is the unknown of a control problem.
